Abstract: In this work the problem of designing a reduced-order observer to infer the concentration in a catalytic reactor with temperature measurements and a simplified model is addressed. The process motion has a poor observability property, meaning that a carefully tuned high-order EKF technique is required to design an observer. Here, a constructive low-high gain estimation scheme is considered to achieve the same task with a low-order nonlinear observer. An error dynamics analysis yields a convergence criterion coupled with a simple tuning guideline. The proposed reduced-order geometrictype scheme is tested with experimental data and compared with its full-order EKF.
INTRODUCTION
In this work the problem of designing a reducedorder observer to infer the carbon monoxide concentration in a continuous catalytic reactor is addressed, with temperature measurements and a simplified model built from step response identification in conjunction with a pseudohomogeneous kinetics fitted to steady state conversion data at various temperatures (Baratti et al., 1993) . This problem, which represents an extreme case of a class of industrial and laboratory scale continuous exothermic reactors with steadystate multiplicity and parametric sensitivity, has been addressed with physical (Baratti et al., 1993) and neural network (Porru et al., 2000) based extended Kalman filter (EKF) technique, including the consideration of an model based adaptive error covariance matrix (Leu and Baratti, 2000) . In these EKF approaches, the estimator has consisted of five nonlinear ordinary differential equations (two for the concentration-temperature state and three for the computation of the gains), the gain tuning has been found by optimization techniques, and it has been reported that the estimator functioning is sensitive to gain variations. On the other hand, the geometric system approach has presented high-gain low-order estimation designs with convergence criteria coupled to rather simple tuning schemes (Isidori, 1995; Gauthier et al., 1992; Ciccarella et al., 1993) , including the cases of complete and partial observability (Alvarez and Lopez, 1999) ; and these designs have been successfully tested in various simulated and experimental chemical processes (Van Dooting et al., 1992; Soroush et al., 1997) . Thus the question is whether these low-order nonlinear estimation designs can be applied to solve the aforementioned catalytic continuous reactor estimation problem.
First, the nonlinear complete and partial observability properties along a motion (Lopez, 2000) are measured, finding that the former one is poorly conditioned especially at the regions of low conversion, and that the latter one is well conditioned at any region of the reactor state space. Accordingly, the complete-observability high gain geometric estimator fails to converge, and the partial observability one converges with poor concentration estimates. These results and the gain sensitivity of the EKF estimation reported earlier, led us to the consideration of a constructive like redesign (Sepulchre et al., 1997) to recover the convergent functioning of the high-order EKF and the low-order and gain tuning simplicity of the high-gain estimator design, according to the following rationale: (i) build a low-gain complete observability estimator to enable the reconstruction of the composition from the temperature measurement, and (ii) superimpose a high-gain partial observability estimator to provide a fast output temperature matching. An analysis of the estimation error dynamics yields a convergence criterion coupled with a simple tuning guideline: (i) set the low gain to zero and tune high gain sufficiently fast until an adequate rate of output matching versus tolerance to noise compromise is attained, and (ii) set the low gain large enough so that a satisfactory concentration reconstruction is achieved. The resulting LHG (low-high gain) estimator was tested with experimental data and compared with the full-order EKF, finding that the proposed low-order LHG estimator matched the performance of the high-order EKF, and exhibited a better degree of robustness with respect to the tuning of gains.
ESTIMATION PROBLEM
Let us consider the laboratory continuous catalytic reactor shown in Figure 1 where carbon monoxide is converted into carbon dioxide via a complex combustion exothermic reaction that is carried out on a Pt-alumina-support catalyst (Graham and Lynch, 1987) , with heat being removed by means of a heating-cooling system, according to the following lumped kinetics and heat model (Baratti et al., 1993) :
In dimensionless units (c r = 1.052 mol/m 3 is the reference concentration and T r = 463 K is the reference temperature) x 1 is the reactant (CO) concentration, x 2 is the reactor temperature, d 1 is the feed concentration, d 2 is the feed temperature, d 3 is the wall temperature, z is CO mole fraction, y is the temperature measurement, and p = [1. (θ, κ, δ) were determined from mass and heat step responses without reaction, and (β, γ, σ) were determined from isothermal steady-state experiments at various temperatures. In compact vector notation, the reactor can be written as follows:
Since the maps f, h and g are smooth and the exogenous input d(t) is piecewise continuous, each {x 0 , d(t), p} uniquely determines a reactor motion 0 0
which is RE(robustly exponentially)-stable if there are constant α, λ, b d and b p such that, in some neighborhood of x*(t), its perturbed motions are bounded as follows
The continuous reactor is known to have steady-state multiplicity in continuous operation regime, including an unstable steady-state. Consequently, the reactor can have either stable or unstable motions, depending on the pair [x 0 , d(t)]. It is important to point out that even if the actual reactor presents steady-state multiplicity in the present study its motion remains in the stable spent zone regime.
Assuming that the linear approximation of the reactor model (2) is completely observable at each point of the motion (3), the continuous-time version of Baratti et al.'s (1993) EKF design is given by (∂ x f = ∂f/∂x):
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where r = 2.376x10 -7 is the covariance of the measurement noise, and q 11 = 7.590x10 -3 and q 22 = 6.006x10 -7 are the elements of the diagonal model error covariance matrix Q = diag(q 11 , q 22 ), determined with an optimization scheme for q 12 = q 21 = 0 and r fixed. This nonlinear estimator is made by five ordinary differential equations, two corresponding to the concentration (x 1 ) and temperature (x 2 ) estimates, and three (σ 11 , σ 12, σ 22 ) associated to the elements of the covariance (symmetric) matrix Σ = [σ ij ], σ 21 = σ 12 . This estimator has been successfully implemented (Baratti et al., 1993) , yielding the following observations: (i) there is difficulty of having the EKF to function properly in the spent reactant regime (i.e., when the reaction rate is small), (ii) its convergence is sensitive to changes in the tuning parameters q 11 and q 22 . In this EKF design, there is not a convergence criterion, and the adjustable pair (q 11 , q 22 ) does not have a clear connection with the convergence rate.
Our estimation problem consists in establishing the nonlinear observability property that underlies the functioning of a nonlinear estimator, and in designing a reduced-order observer (i.e., without having to integrate the three nonlinear equations of the EKF) with a robust convergence criterion coupled with a simple tuning procedure clearly connected with the convergence rate, and with better robust functioning with respect to the tuning.
REACTOR DYNAMICS
The initial condition corresponds to a stable steadystate of the reactor (C e =1.248 mol/m 3 , T e = 293 K, T w = 463 K), and the experimental motion is obtained by externally forcing the reactor wall temperature as is shown in Figure 2 . The corresponding model (2) reactor motion is shown and compared with the experimental data in Figures  3 and 4 , showing that the full concentrationtemperature model (2) only describes the slow dynamic composition behavior. In Figure 3 is also shown the concentration prediction according to the concentration model (referred to as open-loop partial estimator on Baratti et al., 1993) 
driven with the actual temperature measurement.
Comparing with the full order model (2), the concentration partial model (6) yields a better prediction because it contains more actual information than the alone model, but still exhibits deviations in the most dynamically excited periods. These results show the existence of significant modeling errors, and also show the task for a nonlinear estimation scheme: to improve the quality of the concentration prediction at the periods of intensive transients.
COMPLETE AND PARTIAL OBSERVABILITY

Complete observability
Given the smoothness of the map f, the indistinguishability -based definition of complete observability (Hermann and Krener, 1977) is met (i.e., with observability degree two) if the reactor state x can be time-wisely (uniquely) determined from the information of the measurement (y) and its derivative (y) D , from the equation pair:
Accordingly, the reactor motion x(t) (3) is completely observable if ∂ x 1 f 2 ≠ 0 along x(t), or equivalently if figure 4 , this unobservable region (x 1 = 1/σ = 0.331) is shown as well as the operation one, where it can be seen they are far away each other.
On the other hand, given the observability map
the condition number C(t) of its jacobian matrix ∂ x φ (called observability matrix)
measures the observability property robustness, which means that if the condition (8) is met with a nearly singular observability matrix [i.e. with a high value of C(t)], then any nonlinear state detector should malfunction. Thus, any reaction motion that crosses the line x 1 = 1/σ is not completely observable [condition (8)], and any nonlinear estimator with observability index two will malfunction near this region. Nevertheless the operation region is illconditioned even though is far away the unobservable region. This explains the earlier reports on the difficulty of having the EKF to function properly in the reactant spent regime (Baratti et al., 1993) .
Detectability
In the spirit of the passivation backstepping procedure (Sepulchre et al., 1997) , let us exploit the structure oriented perspective of the geometric method, and establish that the reactor motion is detectable if the concentration motion can be determined from the measurement y = x 2 in conjunction with the mass balance (1a), according to the temperature-driven concentration dynamics (6) with unique unperturbed motion x 1 * (t) which is REstable because the linear forced unobservable (6) dynamics have a strictly negative time-varying eigenvalue (Slotine and Li, 1991)
In Baratti et al.'s (1993) work, these unobservable concentration dynamics (6) are referred to as OLPE (open-loop partial estimator), and their robustness property was experimentally verified (as it is shown in Figure 3 ). In this case, the condition numbers of the observability map and of the unobservable dynamics are equal to 1. Comparing with the complete observability case, the preceding detectability property means the possibility of building a robust estimator with output injection (i.e., correction) only in the temperature equation, implying that the concentration estimate must be drawn from the mass balance equation without measurement correction. However, in our case with a simplified kinetics with unmodeled high-frequency kinetics, this means the impossibility of reconstructing the high frequency components of the concentration motion x 1 (t).
COMPLETE OBSERVABILITY OBSERVERS
Extended Kalman Filter
The results on the EKF (5) implementation (see Figure 5 ) were obtained in Baratti et al. (1993) , with the following observations: (a) there is some performance degradation when moving to the spent reactant regime, (b) the design is not based on a observability or detectability test for the motion as it is done in the present work (Section 4), and (c) there are no tuning guidelines connected to a suitable converge criterion.
Geometric observer
The construction of the geometric Luenberguer-like high-gain observer (Gauthier et al., 1992; Ciccarella et al., 1993) follows from a straightforward consequence of the complete observability property, according to the following expression (Alvarez and Lopez, 1999) : where g 1 and g 2 are nonlinear gains tuned according conventional linear control techniques, such that ξ is the damping factor and ω is the characteristic frequency of the almost linear output error dynamics
, e = y e -y (13) The (local) RE-convergence condition is given by:
where L ϕ z is the limit of the Lipschitz constant of the nonlinear map ϕ with respect to z = φ[x(t), d, p], and a is the amplitude term associated to the companion matrix A (given in Appendix A) of the differential operator in the left side of Eq. (13):
Inequality (14) says that the convergence is difficult to achieve at the reactant spent zones of poor observability (i.e., ∂ x φ nearly singular) with abrupt state changes [i.e., ∂ x ϕ large:
This high-gain geometric observer was implemented, finding that it failed to converge. Eventhough the preceding RE-convergence is only sufficient, it says that perhaps the geometric estimator failed to converge because of an undominated peaking phenomenon (Sepulchre et al., 1997) , or equivalently because the number L (15) was so large that its domination required a very high gain, far above what can be managed with adequate measurement propagation error. Comparing with the EKF design, the geometric high-gain design neglects the dependency of the gain k = (2ξω, ω 2 ) T on the highly nonlinear jacobian matrix (∂ x ϕ)(∂ x φ) -1 and uses a static gain approximation to the Ricatti equation in zcoordinates, whose solution yields the Butterworth pole configuration of Eq. (13). In other words, the geometric estimator fails to converge because it neglects the effect of (∂ x ϕ)(∂ x φ) -1 in the computation of the z-coordinates gain.
LOW-HIGH GAIN OBSERVER
According to the preceding observability and implementation based findings, an estimator with complete or partial observability structure can be designed. In the former case, the concentration can be estimated using an dynamic observer (with complete observability) with a measurement driven corrector that incorporates (high -frequency kinetics) information not contained in the model alone, but the underlying complete observability property is ill-conditioned especially in the low reactant concentration regime, implying a poor degree of dynamic estimation robustness. On the other hand, the robust fulfillment of the detectability property with partial degree one observability means the possibility of building a robust dynamic detector which generates a concentration prediction without measurement correction. In particular, the poor conditioning of the complete observability property caused the failure of the geometric high-gain estimator, and yielded an EKF observer which required an optimization scheme to tune the gains, and exhibited large sensitivity of its functioning with respect to gain variations. These observations motivate the objective of the present work: to design a two-equation dynamic geometric-type observer that, with a transparent tuning scheme coupled with a convergence condition, can match the performance of the five-equation dynamic nonlinear EKF (5).
To have the capability of estimating the concentration, let us design first a low gain observer, or equivalently, recall the complete observability geometric observer (12) with a slow characteristic frequency ω s , regard this slow observer as a redesigned model, then construct a high gain detector (i.e, with partial observability) with fast characteristic frequency ω f in order to quickly and robustly match the input-output reactor behavior, and obtain the following estimator with interlaced LHG(low-high gain) output injection:
Proposition 1 (Proof in Appendix A). The LHG estimator (16) yields a RE-convergent motion x(t) if the characteristic frequencies ω s > 0 and ω f > 0 are chosen so that the following inequalities are met along x(t):
The preceding inequalities say that the proposed estimator can RE-converge when the gain pair (ω f , ω s ) is tuned with the following guidelines: (i) with ω s = 0 (i.e., the fast detector with partial observability) set the high gain ω f ≈ 10(θκ + δ) (i.e., approximately ten times the thermal natural dynamics), and retune it as large as possible to obtain an admissible convergence rate versus measurement error propagation tradeoff; and (ii) starting with a slow frequency value ω s , increase its value until a satisfactory estimator convergence is obtained. Observe that: (i) when (∂ x 1 f 2 ) is small in the spent regime, a small ω s should keep the gain g 1 within a reasonable size to that the measurement error is not excessively amplified, (ii) a large ω f enables a fast input(d)-output(y) matching that produces an innovation (y -x 2 ) with high frequency information which is not contained in the model, and (iii) that this information is injected to the concentration estimation dynamics. Comparing with the EKF (5), the LHG estimator is a low (second) order one, as it does not have to on-line integrate the (three) nonlinear differential Riccatti equations.
Following the guidelines drawn after proposition 1, the LHG estimator was tuned as follows. First, the fast frequency ω f = 10ω T was tuned ten times faster than the one ω T = 1/125 s -1 of the thermal dynamics. Then, starting from zero, the slow gain frequency ω s was increased until a reasonable functioning was attained at ω s = 0.2ω T . The LHG estimator was run with the experimental temperature data (Figure 2) , showing in Figure 5 that its functioning basically resembles the one of the EKF. Convergence was achieved in the range 0 ≤ ω s ≤ 0.9. As ω s is decreased, the gain sensitivity decreases at the cost of worst concentration estimates, so that in the limit when ω s = 0 one recovers the OLPE (i.e., the unobservable dynamics presented in Figure 3 ). Thus the preceding tuning represents a compromise between capability of concentration reconstruction and estimator gain sensitivity.
7.CONCLUSIONS
The problem of designing a reduced-order observer to infer the CO concentration in a continuous catalytic reactor from temperature measurements was addressed employing a geometric Luenberguer-type nonlinear estimation scheme combined with a constructive approach. The failure of the complete observability geometric estimator and the performance degradation with gain sensitivity problems reported in earlier EKF designs was explained in terms of an ill-conditioned nonlinear motion observability property which breaks down in the spent zone regime. On the basis of constructive control ideas, low-order LHG geometric estimator was designed with a convergence criterion coupled to a clear tuning scheme which connected physical properties, tuning guidelines and rate of convergence. The low-order (i.e., two dynamical equations) LHG geometric estimator was tested with experimental data, yielding a performance similar to the one of the high-order (i.e., with five differential equations) EKF with an improved tolerance to gain tuning variations.
